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Eikonal gluon bremsstrahlung at finite Nc beyond two loops
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We present a general formalism for computing the matrix-element squared for the emission of soft
energy-ordered gluons beyond two loops in QCD perturbation theory at finite Nc. Our formalism is
valid in the eikonal approximation. A Mathematica program has been developed for the automated
calculation of all real/virtual eikonal squared amplitudes needed at a given loop order. For the
purpose of illustration we show the explicit forms of the eikonal squared amplitudes up to the fifth-
loop order. In the large-Nc limit our results coincide with those previously reported in literature.
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I. INTRODUCTION
The huge amount of data collected during the recent
runs of the LHC and their analyzes have initiated what
one may refer to as “QCD precision measurements” pro-
gramme in analogy to the previous “Electroweak preci-
sion measurements”. For example, the CMS collabora-
tion has recently extracted the QCD coupling αs with less
uncertainties compared to the theoretical predictions [1].
In fact, recent experimental studies emphasized the in-
dispensability of higher-fixed-order calculations matched
with resummed predictions for better description of the
data [2]. It is therefore essential that more work should
be devoted by the phenomenology community to “QCD
precision calculations”. The current paper is a contribu-
tion to the latter programme.
It is well known that QCD matrix-element (ME) (or
S-matrix) calculations can only be performed within the
framework of perturbation theory (PT), which is valid at
high energies where QCD becomes asymptotically free.
In PT, the matrix element is expanded as a series in
the strong coupling parameter αs. The calculation of
the contributions to the ME at each order is delicate and
extremely challenging even at the very first leading orders
(see for instance Ref. [3]).
A particular interesting approximation that has played
a crucial role in paving the way to the understanding of
the all-orders structure of matrix elements (or scatter-
ing amplitudes), and which is implemented in various
Monte Carlo parton showers as we shall see below, is the
eikonal approximation [4–9]. In QCD, it is valid in the
limit where the momenta of the radiated massless gluons
become soft.1 The quark/gluon propagators in particu-
lar, and Feynman rules in general, are greatly simplified
in the said approximation. The recoil of the radiating
∗ yazid.delenda@gmail.com
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1 This is the reason why some authors refer to it as the “soft ap-
proximation”, see for example Ref. [10].
energetic particles against the radiated soft gluons may
safely be neglected, as we shall see later in the main text
when we consider the eikonal Feynman rules. The eikonal
approximation is sometimes discussed in terms ofWilson
lines, webs etc (see for instance Ref. [11]).
It has been shown that eikonal amplitudes exponenti-
ate, i.e., factorize out into a product of a hard Born am-
plitude (without radiation) and an exponential contain-
ing all radiation, both for abelian [12] and non-abelian
[13–16] gauge theories. Schematically, the exponentia-
tion may be written in the case of a non-abelian (QCD)
theory for the simple process e+e− → qq¯ + g1 + · · ·+ gn
as [11]:
M =M0 exp
(
n∑
i=1
C˜i W˜i
)
, (1)
whereM0 is the Born amplitude (for the process e+e− →
qq¯), C˜i and W˜i are, respectively, the color and kinematical
factors of the amplitude in the eikonal limit correspond-
ing to the emission of the ith soft gluon. Generalizations
of Eq. (1) to more complicated QCD processes also exist
(see Ref. [11] and references therein).
Two important features of the exponential form of the
amplitude in Eq. (1) are to be noticed: firstly, the com-
putation of the first few orders may reveal great infor-
mation about the all-orders structure, and secondly, it
stands as a backbone to the resummation of the large log-
arithms arising in the calculation of exclusive observable
cross-sections in the “soft regions” of the phase space. In
this regard, the phase space itself must factorize, and
hence exponentiate, for the resummation to be at all
possible and consequently applicable to QCD processes.
Fortunately, this has been demonstrated to be true for
various such processes (see Ref. [11] for a list of them).
The computation of the exponent in Eq. (1) has proven
to be quite involved, especially beyond the second or-
der in PT, due to the fact that the color space in QCD
is matrix-valued and thus non-commutative in general.
Moreover, the number of Feynman diagrams that need
2to be considered at the nth order in PT increases facto-
rially as (n+ 1)!.
It has however been possible for quite a long time
to extract the full structure of the emission amplitude
squared in the large-Nc limit (with Nc being the degree
of the SU(Nc) group) and for energy-ordered soft gluons
[7, 17]. The large-Nc approximation essentially reduces
the matrix-valued color space to simply a scalar-valued
space, thus tremendously simplifying the color structure.
The strong energy ordering, on the other hand, whereby
the energies ωi of the soft gluons ki are ordered as:
ωn ≪ ωn−1 ≪ · · · ≪ ω1 ≪ Q2 , (2)
with Q being the hard scale, is employed to formulate the
“dipole” picture of gluon bremsstrahlung [10]. In this pic-
ture, the softest nth gluon kn is emitted by the ensemble
of (n+1)n/2 harder dipoles. Moreover, the dipole formal-
ism underlines the gluon cascade, implemented in various
Monte Carlo algorithms such as the Lund-Dipole-Scheme
[18, 19] and Ariadne [20], and describes the elementary
parton decays (shower) responsible for the structure (and
substructure) of final-state jets.
Restoring the full finite-Nc dependence of the exponent
in Eq. (1), the progress has so far not been very satis-
factory for the reasons mentioned above. The aim of this
paper is to show that with the help of the recent devel-
opments in the field of computational physics it becomes
possible to “theoretically” extract the complete analyt-
ical form of the exponent (and practically the first few
loop orders, due to limited computational power) in Eq.
(1). Sjo¨dahl developed a Mathematica package called
ColorMath [21, 22] that automatically performs color-
summed calculations in SU(Nc) for arbitrary Nc ≥ 2.
With the aid of this package the issue of the non-abelian
color structure that has long jeopardized any progress
beyond two loops can straightforwardly be resolved.
It remains thus to determine the kinematic coefficients
multiplying the color factors for all possible real/virtual
gluon configurations, which represent the set of all possi-
ble emitting dipoles at a given order. We have developed
a Mathematica program to achieve this very goal. We are
currently rewriting the program into a form of a pack-
age, called EikAmp, that should: be able to compute few
higher-loop squared amplitudes (ideally up to any loop
order), include few callable functions, maximally exploit
all available symmetries in order to optimize for mini-
mal execution time and use clear easily-readable syntax.
Due to the slowness of Mathematica compared to pro-
gramming languages such as c++ and fortran, we intend
to develop alternative versions of EikAmp using the said
languages in the near future. The aim behind the latter
versions of EikAmp is not only related to timing but also
to make eikonal squared amplitudes readily available for
implementation and/or interfacing with other QCD pro-
grams, including general-purpose parton showers. It is
worthwhile to note that the program can easily be used
for QED calculations by simply turning off color matri-
ces. Full details about the program along with its manual
will be presented elsewhere.
Note that within the eikonal approximation and as-
suming strong energy ordering, Catani and Ciafaloni de-
rived in Ref. [16] an analytic abstract expression for the
emission amplitude of n soft (real and/or virtual) gluons
to arbitrary orders in PT. Their results were casted into
an iterative form which fully accounts for the entire ex-
ponentiation of leading soft singularities. They did not,
however, perform any explicit calculations, particularly
of the color structure of the amplitudes (at least beyond
two loops), which had been the chief obstacle for such cal-
culations. Moreover, unlike their amplitudes (squared)
which have to be simplified starting from the exponen-
tial iterative form, ours are ready for phase-space inte-
gration and/or other manipulations without any further
simplifications.
Lastly, it is worth mentioning that the results achieved
herein have been employed in our recent paper [23] to
compute the hemisphere mass distribution in e+e− →
dijet events fully up to four loops and partially at five
loops. The distribution was shown to exhibit a pattern
of exponentiation both for global (primary abelian emis-
sions) and non-global [24, 25] (secondary correlated non-
abelian emissions) logarithms, and an ansatz for the all-
orders resummed result was thus suggested. The eikonal
approximation considered in Ref. [23] and throughout
this paper only guarantees the resummation of up to sin-
gle logarithms, of the form αnsL
n in the exponent of the
resummed distribution. To go beyond this accuracy one
should consider including the next-to-eikonal corrections
presented in Ref. [11]. We reserve this work to future
publications.
The organization of this paper is as follows. In section
II we present the details of the eikonal approximation at
one loop and discuss the corresponding form of the vir-
tual corrections. Employing the eikonal Feynman rules,
we derive in section III the general formula of the eikonal
amplitude squared at the nth loop order. We discuss
in the same section the treatment of virtual gluons at
all orders, the implementation of the said formula into
Mathematica and its reducibility in the large-Nc limit.
Section IV is then devoted to presenting the expressions
of the eikonal amplitudes squared up to five loops. Fi-
nally we conclude in section V.
II. EIKONAL APPROXIMATION
A. Single real gluon emission
Consider for simplicity the Feynman diagrams depicted
in Fig. 1 representing the first-order radiative correction
to the hard Born configuration M0 → qq¯, where M0
embodies the leptonic part of the amplitude, and the
quark, anti-quark and gluon are on-mass-shell, that is
p2a = p
2
b = k
2 = 0, with pa, pb and k the momenta of
the quark, anti-quark and gluon respectively. Applying
Feynman rules (see for instance Ref. [26]) one obtains
3q(pa)
q¯(pb)
g(k)
M0 g(k)
q(pa)
q¯(pb)
M0
FIG. 1. The first-order correction to the simple QCD process:
electron-positron annihilation into a quark and anti-quark ac-
companied with the emission of a soft gluon g.
for the amplitude corresponding to the sum of the two
diagrams:
ıM1 (pa, pb, k) = u¯i(pa)·
·
[ (−ıgstcij) γνǫc ∗ν (k) ı (p/a + k/)(pa + k)2 ıM0 (pa + k, pb)+
+ ıM0 (pa, pb + k) ı (p/b + k/)
(pb + k)2
(
+ıgst
c
ij
)
γνǫc ∗ν (k)
]
vj(pb) ,
(3)
where u(pa), v(pb) and ǫ(k) are the standard quark and
anti-quark Dirac spinors and gluon polarization vector,
gs is the strong coupling, t
c are the color matrices and
γν are the Dirac matrices. The eikonal approxima-
tion corresponds to the case where the emitted gluon
is soft, i.e., when the momentum |k| ≪ |pa − pb| (or
equivalently k → 0 and pa ∼ pb). We can then write
M0 (pa + k, pb) ≃M0 (pa, pb + k) ≃M0 (pa, pb), neglect
the k/ terms in the numerators of the (anti-)quark propa-
gators in Eq. (3) and simplify the squares in the denom-
inators to: (
pa(b) + k
)2
= 2 pa(b) · k . (4)
Using Dirac algebra [26] one finds for the product of the
slashed momenta with the quark and anti-quark spinors:
u¯(pa)γ
νp/a = u¯(pa)γ
νγµpaµ = 2 p
ν
a u¯(pa) , (5a)
p/bγ
νv(pb) = pbµγ
µγνv(pb) = 2 p
ν
b v(pb) . (5b)
Thus Eq. (3) reduces to the following factorized form:
ıM1 (pa, pb, k) = [u¯i(pa) ıM0 (pa, pb) vj(pb)]×
×
[
gs
(
pνa
pa · k −
pνb
pb · k
)
tcij ǫ
c ∗
ν
]
. (6)
This is simply the product of the Born amplitude (with-
out bremsstrahlung) with a factor for the emission of a
soft gluon. The physical origin of this factorization is
the fact that the emitted low-energy (long-wavelength)
gluon cannot resolve the underlying harder (shorter-
wavelength) subprocess. In fact this factorization prop-
erty is of paramount importance and can be used iter-
atively to construct the amplitude of emission of an ar-
bitrary number of gluons, provided they are strongly or-
dered in energy, as we show in the next section.
The ratio pν/(p · k) in Eq. (6) defines the effective
Feynman rule for an eikonal emission (combined propa-
gator and vertex). More details are provided in appendix
A. It is worth noting that the latter eikonal emission’s
expression is invariant under rescaling of the emitter’s
momentum (pµ). This translates into the fact that one
can neglect the recoil effects against soft gluon emissions.
Multiplying the amplitude (6) by its conjugate, per-
forming the sum over gluon polarizations and simplifying
one finds:
|M1|2 = B × g2s 2CF
(pa · pb)
(pa · k) (k · pb) , (7)
with B representing the squared Born amplitude summed
(averaged) over spins of final-state quarks (initial-state
leptons), and CF = (N
2
c − 1)/(2Nc).
B. One-loop virtual correction
We shall show in this subsection that, in the eikonal
approximation, the squared amplitude for one-loop vir-
tual corrections is simply minus the corresponding real-
emission contribution. To this end, consider the Feyn-
man diagram depicted in Fig. 2, which represents the
q(pa)
q¯(pb)
g(k)M0
FIG. 2. One-loop vertex correction to the process e+e− → qq¯.
vertex correction to the Born amplitude. This is the only
contributing diagram at this order since the other two
“self-energy” diagrams (with a loop starting and ending
on the same external leg) result in vanishing contribu-
tions in the on-mass-shell limit. The Feynman ampli-
tude for the vertex correction — in the Feynman gauge
— reads:
ıM1loop = u¯i(pa)
[ ∫
d4k
(2π)4
−ı
k2 + ıǫ
(−ıgstciℓγν) ·
· ı (p/a + k/)
(pa + k)2 + ıǫ
ıM0(pa + k, pb − k)·
· ı (p/b − k/)
(pb − k)2 + ıǫ
(−ıgstcℓjγν) ]vj(pb) .
(8)
Employing the eikonal approximation and simplifying us-
ing the Dirac algebra one obtains the factorized expres-
4sion:
ıM1loop = [u¯i(pa) ıM0(pa, pb) δij vj(pb)]×
× g2sCF
∫
d4k
(2π)4
−ı
k2 + ıǫ
(pa · pb)
(pa · k + ıǫ) (−pb · k + ıǫ) . (9)
The above integral can be simplified using the techniques
of contour integration. Since the integral in the second
line of Eq. (9) is manifestly Lorentz invariant we special-
ize to the center-of-mass (cm) frame of the quark/anti-
quark pair, where pa + pb = 0, and write:
I =
∫
d4k
(2π)4
+ı
k2 + ıǫ
(pa · pb)
(pa · k + ıǫ) (pb · k − ıǫ)
=
∫
d3k
(2π)3
∫ +∞
−∞
dk0
2π
ı
(k0 − |k| − ıǫ) (k0 + |k|+ ıǫ)×
× 2
(k0 − k3 + ıǫ) (k0 + k3 − ıǫ) , (10)
where we have used for simplicity and without loss of
generality:
pa =
√
s/2(1, 0, 0, 1) , (11a)
pb =
√
s/2(1, 0, 0,−1) , (11b)
k = (k0, k1, k2, k3) = (k0,k) , (11c)
with
√
s being the cm energy.2 Note that pa · pb = s/2.
The integrand in Eq. (10) has four simple poles in the k0
complex plane; two in the upper half and two in the lower
half. Closing the contour in the upper half, thus picking
up only two poles, and applying the residue theorem one
finds:
I = −
∫
d3k
(2π)3
1
|k⊥|2
(
1
|k| −
1
k3 − ıǫ
)
, (12)
where |k⊥|2 = |k|2 − k23 , is the invariant transverse mo-
mentum of gluon k in the cm frame of the qq¯ dipole.
It is generally given, for the emission of a gluon k off a
dipole (kikj), in terms of the antenna function ωij by the
relation:
2
|k⊥|2 =
(ki · kj)
(ki · k) (k · kj) ≡ ωij(k) . (13)
The second term in Eq. (12), i.e., that involving the
z-component of the gluon’s momentum k3, may be sim-
plified further. Keeping the ıǫ prescription till the end of
the evaluation one has [27]:∫
d3k
(2π)3|k⊥|2
1
k3 − ıǫ =
∫
d2k⊥
(2π)3|k⊥|2
∫ +∞
−∞
dk3
k3 + ıǫ
k23 + ǫ
2
=
∫
k⊥dk⊥dφ
(2π)3 k2⊥
lim
ξ→+∞
∫ +ξ
−ξ
dk3
k3 + ıǫ
k23 + ǫ
2
=
1
(2π)2
∫
dk⊥
k⊥
× ıπ . (14)
2 Recall that we are working in the eikonal limit where recoil of
the hard partons is negligible and hence the momenta pa and pb
are back-to-back.
Therefore the latter term, which is dubbed “Coulomb
(or Glauber) phase”, is purely imaginary. It is in fact
related to super-leading logarithms and the possibility of
factorization breaking [28–31].
It is worth noting that the said “ıπ” term, which per-
sists at higher loops, cancels when computing physical
cross-sections in abelian theories such as QED, while it
may have physical consequences in QCD processes in-
volving four or more hard partons. For processes with
less than four hard partons such as the process consid-
ered herein, that is e+e− → 2 jets, this phase completely
cancels and plays no role to all orders in PT. This can be
seen by observing that Coulomb gluons are primary (i.e.,
directly emitted from the initiating hard dipole (ab)) and
thus exponentiate, to all orders, into a Sudakov form fac-
tor and cancel out in the exponent when multiplied by
the conjugate amplitude (see for instance Ref. [32]).
The final form of the one-loop virtual correction
eikonal amplitude reads:
ıM1loop = [u¯i(pa) ıM0(pa, pb) δij vj(pb)]× g2s CF×
×
[
−
∫
d3k
(2π)3 2|k|
(pa · pb)
(pa · k) (k · pb) +
1
(2π)2
ıπ
∫
dk⊥
k⊥
]
.
(15)
To compute the virtual-emission squared amplitude we
first multiply the above result by the conjugate Born
amplitude [u¯ℓ(pa) ıM0(pa, pb) δℓm vm(pb)]∗, and then add
the complex conjugate of the result, i.e., we add the prod-
uct of the Born amplitude and the conjugate of the one-
loop amplitude (15). Doing so we note that the Coulomb
phase (14) disappears in the sum, and we finally obtain:
|M1loop|2 = B
[
−g2s 2CF
∫
d3k
(2π)32|k|
(pa · pb)
(pa · k) (k · pb)
]
,
(16)
which is minus the real-emission amplitude squared (7)
(after the inclusion of the appropriate phase-space fac-
tor), as stated earlier. This result has also been arrived
at in Ref. [33].
This useful consequence of the eikonal approximation
will be employed in the next section to deduce eikonal
squared amplitudes for configurations in which the soft-
est gluon is virtual, at any order, without explicit calcula-
tions. Since real and virtual (softest-gluon) contributions
are equal up to a sign, we shall refer to a given order αns
in the PT expansion as the nth loop order (or simply n-
loop order), although formally the terminology “loop” is
reserved for virtual corrections.
III. EIKONAL SQUARED AMPLITUDES
A. General form
Having discussed the eikonal approximation by explic-
itly carrying out analytical leading-order calculations and
5demonstrated that: a) the emission amplitude squared
factorizes out into a Born amplitude squared multiply-
ing a color factor and a dipole antenna function, and
b) virtual corrections are identical to real contributions
up to a sign, we are in a position to utilize these find-
ings to build up a generalized form of eikonal amplitudes
squared, which is valid at any order in PT expansion.
We begin by considering the (tree-level) emission am-
plitude of a soft gluon km by an ensemble of: quark pa,
anti-quark pb and (m − 1) energy-ordered (see Eq. (2))
harder gluons ki=1,...,m−1 [10, 29]:
|m〉 = gs
∑
i∈Um−1
ki · ǫam ∗
ki · km T
am
i |m− 1〉 , (17)
where Um = {a, b, 1, 2, . . . ,m} is the set of all possible
emitters of the (m + 1)th gluon such that U0 = {a, b},
ka = pa and kb = pb. The superscript am is the color
index of the emission km and the ket |m− 1〉 is an
(m + 1)-dimensional vector in color space representing
the (m + 1)-parton amplitude prior to the emission of
the soft gluon km.
3 The set of basis kets spanning the
color space at a given order m, |ca, cb, c1, . . . , cm〉, where
ca,b = 1, . . . , Nc denote the color indices of the quark
and anti-quark and ci=1,...,m = 1, . . . , N
2
c − 1 denote the
color indices of the gluons, may be taken to form an or-
thonormal set representing the various color states of all
(m+2) outgoing partons. In this notation, the amplitude
for the production of (m + 2) partons in the final state
with colors ca, cb, c1, . . . , cm, is given by [34, 35]:
Mca,cb,c1,...,cmm = 〈ca, cb, c1, . . . , cm|m〉 , (18)
and the squared amplitude, summed over final-state col-
ors, is given by:
|Mm (pa, pb, k1, . . . , km)|2 = 〈m|m〉 . (19)
Eq. (17) easily follows from the effective Feynman rules
(see appendix A) as well as the factorization property of
eikonal amplitudes discussed in the previous section. The
color operator Tami in Eq. (17) acts in the color subspace
of parton i and plays the role of inserting a gluon whose
color index is am and “repainting” the color of parton
i. Thus when acting on the (m + 1)-dimensional basis
vector the operator Tci produces an (m+2)-dimensional
vector:
Tci |ca, cb, c1, . . . , ci, . . . , cm−1〉 =
= T cc′
i
ci
|ca, cb, c1, . . . , c′i, . . . , cm−1, c〉 , (20)
where:
• T c
c′
i
ci
= tc
c′
i
ci
≡ tci if the emitting parton i is a quark.
3 There are (m−1) gluons in addition to the quark and anti-quark
pair, thus resulting in (m + 1)-dimensional vector.
• T cc′
i
ci
= −tccic′i ≡ −t
c
i if the emitter is an anti-quark.
• T cc′
i
ci
= if c
′
i
cci ≡ ıfci if the emitter is a gluon.
The sign conventions for the eikonal vertices are pre-
sented in appendix A. The operator (Tami )
† plays the
opposite role to that of Tami , i.e., when acting on an
(m+2)-dimensional basis vector it produces an (m+1)-
dimensional basis vector as it removes one gluon. More-
over, two important identities are to be noted for the
operators Tami [34, 35]:
∑
i∈Um−1
Tami |m− 1〉 = 0 , and
Tami ·Tamj = Tamj ·Tami ; (Tami )2 = Ci ,
(21)
the first of which demonstrates that the (m + 1)-parton
amplitude transforms as a color singlet under SU(3), and
the second shows that the product of two such opera-
tors, which shows up when computing squared ampli-
tudes, is invariant under the exchange of the emitter and
“absorber” of the softest gluon. In other words, the color
factors associated with the dipoles (ij) and (ji) are iden-
tical. The factor Ci is the Casimir scalar, which is equal
to CA = Nc if i is a gluon, and CF if i is a quark or
anti-quark. Worth mentioning is that the color operators
in the fundamental representation ta are both traceless
and hermitian, while in the adjoint representation ıfa are
constants (known as “structure constants”).
Iterating the amplitude (17) down to the Born level,
|0〉, one has:
|m〉 =gms
∑
i∈Um−1
ki · ǫam∗
ki · km T
am
i
∑
j∈Um−2
kj · ǫam−1∗
kj · km−1 T
am−1
j ·
· · ·
∑
ℓ∈U0
kℓ · ǫa1∗
kℓ · k1 T
a1
ℓ |0〉
=gms
 m∏
n=1
∑
in∈Un−1
kin · ǫan∗
kin · kn
×
×Tamim T
am−1
im−1
· · ·Ta1i1 |0〉 , (22)
where the kinematic factors are scalars and have thus
been pulled to the left leaving only the ordered non-
commutative color operators to the right. It is worth
noting that the ordering of the color operators Tani may
not necessarily be the same as the ordering of the resul-
tant color matrices tani .
To see this, consider for example the computation of
one of the contributions to the emission amplitude of four
gluons (focusing only on the color part and ignoring the
kinematic part) as illustrated in Fig. 3. The correspond-
6c′a
ca
c′′a
cb
c′b
c4
c2c1
c′1
c3
FIG. 3. Feynman diagram for one of the contributions to the
emission amplitude of four gluons in the process e+e− → qq¯.
ing amplitude reads:
|˜4〉 = δcacb Tc4a Tc3b Tc21 Tc1a |ca, cb〉
= tc1c′
a
ca
δcacbT
c4
a T
c3
b T
c2
1 |c′a, cb, c1〉
= tc1c′
a
ca
δcacbıf
c2
c′
1
c1
Tc4a T
c3
b |c′a, cb, c′1, c2〉
= tc1c′
a
ca
δcacb(−tc3cbc′b) ıf
c2
c′
1
c1
Tc4a |c′a, c′b, c′1, c2, c3〉
= −tc4c′′
a
c′
a
tc1c′
a
ca
δcacbt
c3
cbc
′
b
ıf c2
c′
1
c1
|c′′a, c′b, c′1, c2, c3, c4〉
= − (tc4a tc1a tc3b )c′′
a
c′
b
(ıfc21 )c1c′1
|c′′a, c′b, c′1, c2, c3, c4〉 ,
(23)
where we made use of the fact that |0〉 ∝ δcacb |ca, cb〉.
Thus the ordering of the matrices ta is different from
that of the operators Ta.
The corresponding conjugate (bra) amplitude 〈m| for
real emissions reads:
〈m| =gms
 m∏
n=1
∑
jn∈Un−1
kjn · ǫan
kjn · kn
×
× 〈0| (Ta1j1 )† · · ·(Tam−1jm−1 )† (Tamjm )† . (24)
The eikonal amplitude squared, summed over gluon po-
larizations, is then given by:
〈m|m〉 =(−1)m g2ms
 m∏
n=1
∑
in 6=jn∈Un−1
ωinjn(kn)
×
× 〈0| (Ta1j1 )† · · · (Tamjm )†Tamim · · ·Ta1i1 |0〉 , (25)
where the factor (−1)m results from the sum over polar-
izations for each gluon, ωij(k) is the antenna function de-
fined previously, Eq. (13), and we have excluded all terms
with indices in = jn in the sum since they vanish by the
on-mass-shell condition k2i = 0 for i = a, b, 1, . . . ,m. Eq.
(25) may be recast, for the emission of m real gluons, in
the form:
〈m|m〉 = 〈0|0〉Wm , (26)
where Wm is the factorized eikonal amplitude squared
for m soft energy-ordered gluons in the final state:
Wm = (−1)m g2ms
 m∏
n=1
∑
in 6=jn∈Un−1
ωinjn(kn)
×
× 1
Nc
〈c′a, c′a|
(
Ta1j1
)† · · · (Tamjm )†Tamim · · ·Ta1i1 |ca, ca〉 ,
(27)
where the Born amplitude for the simple e+e− → qq¯
process is proportional to δcacb |ca, cb〉 = |ca, ca〉. Thus
a factor Nc = 〈c′a, c′a|ca, ca〉 =
(
δcac′a
)2
has been divided
by in Eq. (27). Doing so one achieves a complete factor-
ization of Wm from the Born contribution B = 〈0|0〉.
The differential cross-section for the emission of m
energy-ordered soft (real) gluons, normalized to the Born
cross-section σ0, may then be written in the following
form:
dσm
σ0
= dΦmWm , (28)
where the phase-space factor reads:
dΦm =
m∏
i=1
d3ki
(2π)3 2ωi
=
m∏
i=1
ωi dωi
4π2
dΩi
4π
=
m∏
i=1
ktidkti
4π2
dηi dφi
4π
, (29)
with ωi and kti the energy and transverse momentum
of the ith gluon, dΩi its differential solid angle, and ηi
and φi are, respectively, its rapidity and azimuthal angle.
We have kti = ωi sin θi and ηi = − ln tan(θi/2) , with θi
the polar angle of gluon ki. It is worth mentioning that
the above differential cross-section for m gluons in the
final state must be symmetric under the exchange of the
indistinguishable gluons (bosons). This means that one
has to sum over all possible permutations of gluons and
divide the result by m!. This is, however, equivalent to
considering only a specific ordering of the gluons and
omitting the 1/m!.
Substituting the amplitude squared (27) into the ex-
pression of the eikonal differential cross-section (28), and
including all virtual corrections, the total cross-section
may be cast in the following final form:
dσ
σ0
=
∑
m=1
α¯ms
(
m∏
i=1
dkti
kti
dηi
dφi
4π
)∑
X
WX12...m , (30)
where α¯s = αs/π = g
2
s/(4π
2) , and the second sum (over
X) is over all possible real/virtual gluon configurations.
In other words, X = x1x2 . . .xm , where xi ∈ {R,V} cor-
responds to whether the ith gluon is real (R) or virtual
(V). Virtual corrections in the expression (30) have been
arrived at along the same lines as the real-emission con-
tributions, including the factorization of the phase space
7which also follows from the Bloch-Nordsieck theorem [36].
Since real and virtual soft contributions exactly cancel
out in the total cross-section (of sufficiently-inclusive ob-
servables) one can therefore express the virtual contribu-
tions as integrals over momenta of exactly the same form
as real emissions, which leads to a factorization of the
virtual phase space that is identical to that of real emis-
sions as shown in Eq. (30). Further details about the
virtual corrections are presented in the next subsection
III B.
The final form of the eikonal amplitude squared
WX12...m for the emission of m energy-ordered soft gluons
in a given configuration X reads:
WX12...m =
 m∏
n=1
∑
in 6=jn∈Un−1
wninjn
 Ci1i2...imj1j2...jm , (31)
where we have defined the purely-angular antenna func-
tion wℓij = k
2
tℓ ωij(kℓ) (or alternatively w
ℓ
ij = ω
2
ℓ ωij(kℓ) if
one uses energies and polar angles instead of transverse
momenta and rapidities in the phase space (29)) and in-
troduced the color factor:
Ci1...imj1...jm =
(−1)m
Nc
×
× 〈c′a, c′a|
(
Ta1j1
)† · · · (Tamjm )†Tamim · · ·Ta1i1 |ca, ca〉 . (32)
Though the general form of the above color factor holds
true for the configuration in which all gluons are real,
there are few changes that take place when one or more
gluons are virtual. We discuss this issue in the next sub-
section. The factor (−1)m ensures that the color factor
C, and hence the amplitude squared (31), is positive for
all values of m (for all-gluons-real configurations).
Few important properties of the eikonal amplitude
squared (31) are in order:
• It is totally symmetric under the interchange of
the two hardest partons (the quark and anti-quark
a ↔ b). For the hardest gluon, we shall thus only
consider one emitting dipole, say w1ab , ignore w
1
ba
(i.e. consider only i1 = a and j1 = b) and multiply
the final result by a factor of 2. This will prove use-
ful in decreasing the execution time of the EikAmp
program.
• It is also symmetric under the interchange of the
legs of the dipole emitting the next-to-hardest
gluon (i2 ↔ j2) as well as the softest gluon (im ↔
jm). Hence we pick up one ordering for the said
dipole legs (say i2 > j2 and im > jm) and multiply
the final result by a factor of 4.
• For the softest gluon, it is always true that:
Wx1...V12...m = −Wx1...R12...m , (33)
regardless of the nature, real or virtual, of the rest
of the gluons. This equation is a generalization of
the one-loop result (16) to arbitrary orders in PT,
and can straightforwardly be deduced by iterating
the procedure outlined in subsection II B. Since
Eq. (16) has been arrived at with no explicit role
being played by the Born term M0 in the inte-
gration over k, one can simply, for each Feynman
diagram involving a softest virtual gluon km, ab-
sorb all harder gluons into a “Born-like” amplitude
Mm−1 and perform the integration over the mo-
mentum km in exactly the same way as in eq. (10).
The relative minus sign between the real and vir-
tual contributions is due to the absence of the sum
over the virtual-gluon polarization. The expression
(33) also suggests that each virtual diagram corre-
sponds to exactly the same color factor as the cor-
responding real-emission diagram (just like at one
loop where both had the color factor CF). This
result can straightforwardly be verified using the
EikAmp program for any given diagram and at any
loop order.
This observation will serve to reduce the number of
squared amplitudes that need to be calculated at a
given loop order to a half, thus saving substantial
amount of work and time.
• Since the hardest gluon k1 may only be radiated
by the hardest dipole (ab) — due to strong energy
ordering — the color factor (32) will always be pro-
portional to the Casimir scalar (color charge) CF.
In other words, the color factor at a given loop or-
der L will be proportional to (CF)
n
(CA)
L−n
, with
n = 1, . . . , L.
• Proper finite-Nc contributions to the squared am-
plitude (31) first appear at four loops and have a
color factor that is proportional to (CF − CA/2).
Higher-loop finite-Nc contributions are always pro-
portional to the latter color factor.
• At and beyond four loops, the eikonal amplitude
squared for a given configuration X may be split
into two contributions; large and finite Nc:
WX12...m =WX, lNc12...m +WX, fNc12...m . (34)
Whilst the large-Nc contribution has been known
for a while (see for instance Refs. [7, 17, 37]),
the finite-Nc contribution has not previously been
properly addressed in the literature. The present
work serves to shed some light on this very contri-
bution.
• The said finite-Nc contributions to WX12...m have
some peculiar features that are absent in the large-
Nc contributions. For instance, they are not sym-
metric under the interchange of the emitted gluons
k1, k2, . . . , km. Moreover, they are not symmetric
under the interchange of the legs of each and every
single emitting dipole. These symmetry breakings
8are primarily due to the associated color factor (of
non-planar diagrams). It is therefore incorrect, at
least at and beyond four loops, to set in > jn in Eq.
(31) and multiply by 2 for each dipole, resulting in
a total common factor of 2m. It remains, however,
true to set in > jn for n = 1, 2,m, i.e. for the legs
of the dipoles emitting the hardest, next-to-hardest
and softest gluons, and multiply by a factor 8, as
discussed above.
More details on the properties of the eikonal ampli-
tude squared (31) will be presented in the next section
IV. Before that, we first discuss the form of the color fac-
tor (32) in the case where one or more gluons are virtual,
succinctly describe the Mathematica program utilized to
compute the squared amplitudes presented in Sec. IV
and briefly illustrate how the amplitude squared (31) re-
duces in the large-Nc limit.
B. Treatment of virtual gluons
The calculation of the amplitude squared for the case
of emission of virtual gluons (other than the softest) re-
quires a special attention. Firstly we note that the afore-
mentioned equality (33) is — as clearly stated — only
valid for deducing the squared amplitude when the softest
gluon is made virtual, without altering the real/virtual
configuration of the other gluons, and is generally not ap-
plicable for the case when arbitrarily harder gluons are
virtual. This is mainly due to the fact that the ordering
of color operators changes as gluons are made virtual for
a given Feynman diagram.
Consider, for instance, a virtual gluon kℓ attaching the
legs of a (real) dipole (iℓjℓ). Writing the product of or-
dered color operators proceeds in an ordinary way (i.e.,
starting from the hardest-gluon color operator Ta1i1 ) up
until the operator Taℓiℓ . The operator (T
aℓ
jℓ
)† is then im-
mediately inserted after Taℓiℓ . That is to say as soon as
the virtual gluon kℓ is emitted (by leg kiℓ) it gets ab-
sorbed (by leg kjℓ). The ordering of color operators then
continues as usual. Schematically we write:
Ci1...iℓ...imj1...jℓ...jm =
(−1)m−1
Nc
〈c′a, c′a|
(
Ta1j1
)† · · · (Tamjm )† ·
·Tamim · · ·
(
Taℓjℓ
)†
Taℓiℓ · · ·Ta1i1 |ca, ca〉 , (35)
where the “missing” factor (−1), relative to Eq. (32), is
due to the fact that virtual gluons have no polarization
vector. Notice also that, in going from Eq. (32) to Eq.
(35), the color operator (Taℓjℓ )
† has been moved from its
position in the conjugated amplitude (bra) to the uncon-
jugated one (ket). Since the virtual gluon kℓ can also be
attached in the conjugated amplitude, the opposite sce-
nario must also be taken into account. That is, we also
add the case in which the operator Taℓiℓ is placed next to
(Taℓjℓ )
† in the conjugated amplitude:4
C˜i1...iℓ...imj1...jℓ...jm =
(−1)m−1
Nc
〈c′a, c′a|
(
Ta1j1
)† · · · (Taℓjℓ )† ·
·Taℓiℓ · · ·
(
Tamjm
)†
Tamim · · ·Ta1i1 |ca, ca〉 . (36)
The attachment of the virtual gluon kℓ must be
spanned over all possible harder real parton pairs (dipoles
(iℓjℓ)) in the event without double counting (i.e., we set
iℓ > jℓ). The virtual gluon kℓ itself does not, however,
play the role of an emitter for softer gluons and must
thus be excluded from the list of emitters Un−1 in Eq.
(31).
For more than one virtual gluon, one proceeds in an
analogous manner to that presented above (for one vir-
tual gluon). For each virtual gluon one places the color
operators associated with its emitting dipole next to each
other in the ordered expression of the color factor (32)
(one time in the bra-side and another in the ket-side) and
removes a relative factor of (−1). Additionally, virtual
gluons cannot be emitters and are consequently omitted
from the list of emitters Um.
Based on this observation, we shall show in Sec. IV
that only the “all-gluons-real” (X = RR . . .R) squared
amplitude needs to be explicitly evaluated. The squared
amplitudes for all other configurations may be deduced
from the latter without any further rerun of the EikAmp
program. This is straightforwardly achieved given the
analytical compact forms of the eikonal squared ampli-
tudes that we shall present therein.
C. The EikAmp program
The eikonal amplitude squared given in Eq. (31)
is computed using a Mathematica program “EikAmp”,
which we have developed for this very purpose. The pro-
gram starts by calculating the color factor (32) using the
ColorMath package. The main idea of the program is to
use the “For loop” to account for all possible dipoles.
The outer-most loop corresponds to the hardest gluon
and picks up the first leg of the dipole (ab). The next-
to-outer-most loop runs over the legs {a, b, 1} picking up
one at each run. The inner loops work in the same way.
Once the product of the color matrices for the ampli-
tude is determined, the program moves onto computing
the corresponding product of color matrices for the con-
jugate amplitude. Since each gluon connects the legs of
a given dipole then in this second step the program basi-
cally picks up the second leg to form the emitting dipoles.
The number of possible dipoles that can emit the mth
gluon is m(m+ 1)/2 (assuming that (ij) and (ji) repre-
sent the same dipole). After that, the program calls the
4 For the case of a single virtual gluon, this results in an overall
identical contribution to that in Eq. (35). Thus one can consider
only the first scenario and multiply by a factor 2.
9ColorMath function CSimplify to carry out the trace of
the product of the color matrices. The final result is a
scalar written in terms of Nc, which is then decomposed
into a product of CF and CA factors. Moreover, the pro-
gram associates with every dipole (ij) emitting gluon k
the antenna function wkij . Once the program has ended
one may collect terms with a common color factor.
The above procedure may be repeated for each possible
gluon configuration X , taking into account the symme-
tries mentioned above to avoid unnecessary repetitions.
Full details, including the c++ and/or fortran versions
of the program, are deferred to future publications.
The output squared amplitude of the EikAmp program
at a given loop order is a complicated sum of all pos-
sible Feynman-diagram contributions, which renders the
result impractical to some extent. Based on the pattern
and symmetry observed at two loops, as we shall see be-
low in Sec. IV, it is possible to write the output ampli-
tudes squared at higher-loop orders in a compact form
that is of more practical usage. For example, it allows
us to deduce squared amplitudes for configurations in-
volving virtual gluons from the all-gluons-real amplitude
squared without any explicit calculations. Furthermore,
it enables us to separate the finite-Nc corrections from
the large-Nc contributions, thus paving the way for later
analyzes of the two contributions.
D. Large-Nc limit
In the large-Nc limit all Feynman diagrams that have
a non-planar topology are discarded as their correspond-
ing cross-sections are suppressed by 1/N2c [38].
5 Conse-
quently, both the number of Feynman diagrams, to be
evaluated at a given order, and the color structure sim-
plify considerably. In fact, the color factor (32) associ-
ated with the emission of m real gluons reduces to:
Ci1...imj1...jm =
(
Nc
2
)m
, (37)
for all possible values of the indices i1, . . . , im, j1, . . . , jm
(except for non-planar diagrams in which case the color
factor is zero). The factor of 1/2 in the above expression
may straightforwardly be deduced recalling that the color
factor for the first emission, in the large-Nc limit, is CF =
Nc/2. All subsequent emissions have an Nc/2 factor.
For the kinematical part of the eikonal amplitude
squared one should note that, since the color factor at
large Nc is a simple scalar given in Eq. (37), one may
safely set in > jn in Eq. (31) and multiply the whole ex-
pression by 2m. This factor then cancels out the (1/2)m
in Eq. (37). Hence, one can pull Nmc out of the definition
of the eikonal amplitude squaredWRR...R12...m in Eq. (31) and
5 Non-planar diagrams are those with crossing color lines.
absorb it into the coupling such that α¯s = Nc αs/π. The
remaining, purely angular, part of the eikonal amplitude
squared (31), and after discarding non-planar configura-
tions, should reduce to the well-known form [7, 17, 37]:6
W˜RR...R12...m =
(
m∏
i=1
k2ti
)∑
πm
(pa · pb)
(pa · k1)(k1 · k2) · · · (km · pb) ,
(38)
where the sum is over all m! permutations of the set of
momenta {k1, k2, . . . , km}. Eq. (38) has been explicitly
verified up to five loops using the EikAmp program via
the simple substitutions CF → Nc/2 and CA → Nc.
In the next section we report on our results for the
eikonal amplitudes squared at finite Nc up to five loops
for all possible gluon configurations X .
IV. EXAMPLES
A. One and two loops
We start by presenting the already-known results at
one- and two-loop orders. Before doing so we define the
following generalized n-loop antenna functions which will
prove useful in what follows below:
Aijab = wiab
(
wjai + w
j
ib − wjab
)
, (39a)
Bijkab = wiab
(
Ajkai +Ajkib −Ajkab
)
, (39b)
Cijkℓab = wiab
(
Bjkℓai + Bjkℓib − Bjkℓab
)
, (39c)
Dijkℓmab = wiab
(
Cjkℓmai + Cjkℓmib − Cjkℓmab
)
. (39d)
First, it should be understood that all sub and super-
script indices are always different from each other. In
fact, superscript indices are ordered according to the en-
ergy ordering of the corresponding gluons, as it should
be clear by expanding higher-loop antenna functions in
terms of the two-loop antenna Akℓij . Secondly, whenever
we write any one of the above antennae with an over-
head bar, such as A¯ijab, then we mean the same definition
but with the wiab divided out. That is, A¯ijab = Aijab/wiab,
B¯ijkab = Bijkab /wiab, and so on.
The one-loop eikonal amplitudes squared are quite sim-
ple and read:
WR1 = CF
(
w1ab + w
1
ba
)
= 2CFw
1
ab , (40a)
WV1 = −WR1 . (40b)
6 This formula is only valid for the all-gluons-real configuration,
and to obtain the corresponding amplitudes squared for config-
urations with virtual gluons one should follow the steps outlined
in Ref. [33].
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They represent an independent emission of gluon k1 by
the dipole (ab). Notice that, since the dipoles (ab) and
(ba) are associated with the same color factor, then we
fixed the ordering of the legs, picking up (ab) for the one-
loop antenna w1ab, and multiplied by a factor of 2. More-
over, since each n-loop antenna function (39) involves
products of n one-loop antennae, and if each of which is
symmetric under the interchange of its legs (wkij = w
k
ji),
7
then one may fix the ordering of the legs for each dipole
such that the n-loop amplitude squared becomes pro-
portional to the factor 2n. For instance, the two-loop
amplitude squared containing Aijab is proportional to 22,
the three-loop amplitude squared containing the antenna
Bijkab to 23, etc.
The two-loop squared amplitudes are given by:
WRR12 =WR1WR2 +W
RR
12 , WRV12 = −WRR12 , (41a)
WVR12 = −WR1WR2 , WVV12 = −WVR12 . (41b)
Focusing on the all-gluons-real amplitude squaredWRR12 ,
the first reducible contributionWR1WR2 is nothing but suc-
cessive independent emissions of gluons k1 and k2. The
second contribution WRR12 is irreducible in the sense that
it is not related to the one-loop amplitude squared. It
reads: [
1
22
]
WRR12 =
1
2
CFCAA12ab , (42)
where the origin of the factor 22 has been discussed
above. It has been moved to the left-hand side of Eq.
(42) so as to emphasize the color structure of a given indi-
vidual irreducible diagram. Fig. 4 is a diagrammatic rep-
1 2 1
2
FIG. 4. A diagrammatic representation of the reducible (left)
and irreducible (right) contributions to the two-loops eikonal
amplitude squared WRR12 .
resentation of the two-loops eikonal amplitude squared.
The antenna function A12ab represents a two-parton cas-
cade emission. Unlike the aforementioned reducible con-
tribution, which has a total of two angular singularities
corresponding to gluons k1 and k2 being collinear to ei-
ther q and/or q¯, the antenna function A12ab has only one
angular singularity corresponding to gluons k1 and k2
being on top of each other. For particular phase-space
configurations this antenna function may be integrated
out producing no extra logarithms in the cross-section
7 We shall see, however, that the latter condition does not hold
starting at four loops.
(see for instance Ref. [23]), and contributing solely sin-
gle energy logarithms (originating from gluons k1 and
k2 being soft). This means that it yields the single-
logarithmic contribution, (αs L)
2, to the integrated cross-
section of an exclusive observable (with the reducible
term WR1WR2 resulting in up to double-logarithmic con-
tributions (αs L
2)2). It is worthwhile to mention that the
two-loop antenna Akℓij is different from the “remainder”
function considered in Ref. [10], in the sense that the
latter has no singular dependence on angles (a property
referred to as friability) as well as being integrable over
the directions of all gluons involved (a property dubbed
ideality in [10]).
B. Three loops
There are 23 squared amplitudes to be evaluated at
this order which reduces by symmetry to only 4. These
are given by:
WRRR123 =
3∏
i=1
WRi +
3∑
ijk=1
WRi W
RR
jk +W
RRR
123 , (43a)
WRVR123 = −
3∏
i=1
WRi −
3∑
ik=2
WRi W
RR
1k +W
RVR
123 , (43b)
WVRR123 = −
3∏
i=1
WRi −WR1 W
RR
23 , (43c)
WVVR123 =
3∏
i=1
WRi , (43d)
and as stated before:
Wx1x2V = −Wx1x2R . (44)
The three-loops irreducible terms read:[
1
23
]
WRRR123 =
1
4
CFC
2
A
(A12abA¯13ab + B123ab ) , (45a)[
1
23
]
WRVR123 = −
1
4
CFC
2
AA12abA¯13ab . (45b)
We remind the reader that, similar to the antenna func-
tions, throughout this paper whenever we show a sum
over several indices of amplitudes squared, such as those
in Eqs. (43a) and (43b), then these indices may only
take different values at once. Furthermore, and to avoid
double counting, whenever we write WXij (or W
X
ij) it is
implied that i < j, which reflects the energy ordering of
the corresponding gluons ωi > ωj . Likewise for three-
and higher-loop amplitudes squared, the indices are al-
ways ordered ascendantly from left to right.
The various contributions to the all-gluons-real ampli-
tude squaredWRRR123 are depicted in Fig. 5. The first term,
diagram (a), represents as usual the successive indepen-
dent emission of three gluons. The second, diagram (b), is
11
2
31
2
3
1j
k
i1 2 3
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FIG. 5. A diagrammatic representation of the reducible and
irreducible contributions to the three-loops eikonal amplitude
squared WRRR123 .
an interference between the one-loop amplitude squared
WRi and the two-loops irreducible term W
RR
jk . These two
terms together form the reducible contribution at three
loops, which may be recast as follows:
W˜RRR123 =
1
s3
3∑
ijk=1
WRi WRRjk
=
3∏
i=1
WRi +
3∑
ijk=1
WRi W
RR
jk , (46)
where the coefficient 1/s3 is there to cancel out any re-
peated occurrences of the same contribution such that
after expanding the sum one recovers the first two terms
of Eq. (43a). With the above definition, i.e., Eq. (46),
the all-gluons-real amplitude squared in Eq. (43a) may
be written in the compact form:
WRRR123 = W˜RRR123 +W
RRR
123 . (47)
In fact, and as we have already seen at two loops (41)
and shall see at four and five loops, one anticipates that
all eikonal amplitudes squared may be represented in an
analogous form to that of Eq. (47).
Turning to the three-loops irreducible contribution
WRRR123 in Eq. (45a), we observe that it consists of two
terms, illustrated respectively by diagrams (c) and (d)
of Fig. 5. The first term A12abA¯13ab may be envisaged as
a product of two two-loops antenna functions with the
second antenna not connected to the quark line as shown
below in Fig. 6. One can equally think of it as A¯12abA13ab,
2
3
1
2
1
⊗=
A12ab
3
1
A¯13ab
FIG. 6. The term A12abA¯
13
ab of the irreducible contribution
(45a).
i.e., the first antenna — including gluon k2 — is not con-
nected to the quark line whilst the second antenna A13ab
is. Furthermore, this term may also be thought of as suc-
cessive independent emissions of gluons k2 and k3 off the
hardest gluon k1, which in turn was radiated off by the
(ab) dipole. The second term B123ab represents a three-
parton cascade emission, and is non-vanishing only for
the all-gluons-real amplitude squared. The contributions
(c) and (d) are neither friable nor ideal as they contain,
in addition to the “remainder” of Ref. [10], terms that
are singular in angles separating the softest gluon k3 and
the harder gluons k1 and k2.
In fact, the contribution WRRR123 is not completely irre-
ducible since it consists of terms resembling those already
seen at two loops. Recall that the cascade term B123ab is
written in terms of the two-loops antenna Aijab (see Eqs.
(39)). It is due to this “deluding” irreducibility that at
this order large-Nc calculations yield identical results to
those shown in Eq. (43). In other words, there are no
finite-Nc corrections up to this order. The first genuine
irreducible contributions pop up at four loops as we show
below. Moreover, it is the first order where finite-Nc cor-
rections do appear.
C. Four loops
There are 24 squared amplitudes to be evaluated at
this order which reduces, due to symmetry, to only 8.8 In
fact, it is sufficient to only explicitly present and discuss
the features of the all-gluons-real amplitude squared as
it contains all possible contributions at a given order.
The rest of the squared amplitudes can be deduced quite
straightforwardly as we shall mention towards the end of
this subsection.
The all-gluons-real eikonal amplitude squared at four
loops may be written as:
WRRRR1234 = W˜RRRR1234 +W
RRRR
1234 , (48)
where the reducible contribution is given by:
W˜RRRR1234 =
1
s4
4∑
ijkℓ=1
[WRi WRRRjkℓ +WRRij WRRkℓ ]
=
4∏
i=1
WRi +
4∑
ijkℓ=1
[
WRi WRj W
RR
kℓ Θ
i<j +
+WRi W
RRR
jkℓ +W
RR
ij W
RR
kℓ Θ
i<k
]
, (49)
where in analogy to three loops, the factor 1/s4 divides
out any repeated counting of the same contribution. The
step functions Θx<y ≡ Θ(y − x) that appear in the
above expression are there to avoid double counting of
the terms. The various terms in Eq. (49) are shown
schematically in Fig. 7.
8 It is mentioned in Ref. [10] that the four-loop squared amplitude
was computed in Ref. [39] using the “probabilistic scheme” de-
veloped in the former reference. We have not been able to obtain
a copy of the latter reference [39] to compare it with our results.
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FIG. 7. A diagrammatic representation of the reducible con-
tributions to the four-loops eikonal amplitude squared.
The irreducible contribution may be split into two
parts:
WRRRR1234 = W˜
RRRR
1234 +W
RRRR
1234 , (50)
where the first part though irreducible resembles patterns
seen at previous orders. It reads:[
1
24
]
W˜
RRRR
1234 =
CFC
3
A
8
(
A12abA¯13abA¯14ab +
4∑
jkℓ=2
A1jabB¯1kℓab +
+ A1234ab + C1234ab
)
, (51)
with:
A
ijkℓ
ab = w
i
ab
(
Ajkai A¯jℓai +Ajkib A¯jℓib −AjkabA¯jℓab
)
. (52)
The various terms in the expression (51) are shown, re-
spectively, from left to right below (Fig. 8).
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FIG. 8. A diagrammatic representation of the irreducible con-
tributions (51) to the four-loops eikonal amplitude squared.
The second part is the new genuinely-irreducible con-
tribution that contains the first finite-Nc correction:
WRRRR1234 = 4CFC2A
(
CF − CA
2
)
NRRRR1234 , (53)
where NX1234 is the angular function of the irreducible
finite-Nc contribution. At four loops it is given by:
NRRRR1234 = A1234ab , (54)
where we have defined the following “pseudo-antenna”
function:
A
ijkℓ
ab = w
i
ab
[
wjai T
bj
ai (k)U
aj
bi (ℓ) + w
j
ib T
aj
bi (k)U
bj
ai (ℓ)−
−wjab T ijab(k)U ijab(ℓ)
]
+ k ↔ ℓ , (55)
which in turn is written in terms of the t- and u-channel
functions:
T kℓij (n) = w
n
ij + w
n
kℓ − wnik − wnjℓ = A¯ℓnik − A¯ℓnij , (56a)
Ukℓij (n) = w
n
ij + w
n
kℓ − wniℓ − wnjk = A¯ℓnjk − A¯ℓnij . (56b)
It is interesting to note that analogous functions to the
above t- and u-channel terms were derived in Ref. [40]
while considering the emission of a soft gluon off an en-
semble of four colored hard partons — in hadron-hadron
collisions. They were proven therein to be integrable over
the direction of the emitted softest gluon (represented by
the superscript index n in the above).
Furthermore, it is worth mentioning that, as stated
previously, the finite-Nc correction (53) has the peculiar
feature that it is not symmetric under the permutation
of the gluon indices except for two: (1↔ 2) and (3↔ 4).
For instance, one may easily verify that:
NRRRR1234 6= NRRRR1324 6= NRRRR4123 . (57)
This is in contrast to the large-Nc contributions (49) and
(51), which are totally symmetric under any given per-
mutation.
In addition to the breaking of the “Bose symmetry”
mentioned above, corresponding to permutations of emit-
ted gluons, there is another broken symmetry at four
loops that we refer to as “mirror symmetry”. It may
be summarized as follows: there are (eikonal) Feynman
diagrams which correspond to color factors that are not
symmetric under the interchange of the emitters of one
or more gluons (or equivalently, interchange of the legs
of one or more emitting dipoles). It turns out that
only diagrams which contribute to the finite-Nc terms
NX1234 break this symmetry. The squared amplitudes that
break the mirror symmetry at four loops areWRRRR1234 and
WRRVR1234 , i.e., those with gluons k1 and k2 real. The re-
maining squared amplitudes, such asWRVRR1234 andWRVVR1234 ,
are symmetric under both mirror and Bose symmetries.
While the mirror-symmetry breaking at five loops re-
sults in fractional coefficients multiplying color factors,
as we shall see in the next subsection, the four-loops
mirror-symmetry breaking does not. The reason for this
could be that the permutation of dipole legs in non-planar
Feynman diagrams at four loops yields either an identical
color factor or zero.9 Thus adding up all diagram contri-
butions results in an overall integer coefficient multiply-
ing the color factor (associated with the said diagram).
Notice also that since the large- and finite-Nc contri-
butions to the eikonal amplitude squared are separated
from each other one may accordingly write:
WRRRR1234 =WRRRR, lNc1234 +WRRRR, fNc1234 . (58)
1. Amplitudes squared for other gluon configurations
In order to compute the remaining seven squared am-
plitudes (and by symmetry the other seven correspond-
ing to the softest gluon being virtual) it is sufficient to
9 We have tested this with a number of Feynman diagrams (at four
loops).
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set to zero the antenna functions (39), (55) and (56) for
which the virtual gluons play the role of emitters, in the
expression of the all-gluons-real squared amplitude (48).
For instance, to find the form of the eikonal amplitude
squared WRRVR1234 , with gluon k3 being virtual, we simply
write:
WRRVR1234 = − WRRRR1234 |S3→0 , WRRVV1234 = −WRRVR1234 ,
(59)
where Sα is the set of all possible antennae for which the
virtual gluon kα acts as an emitter for softer gluons:
Sα =
{
Akℓαj ,Akℓiα,Aαℓij ,Bkℓmαj ,Bkℓmiα ,Bαℓmij ,Bkαmij , Ckℓmnαj ,
Ckℓmniα , Cαℓmnij , Ckαmnij , Ckℓαnij , T kℓαj(m), T kℓiα (m),
Tαℓij (m), T
kα
ij (m), U
kℓ
αj(m), U
kℓ
iα (m), U
αℓ
ij (m),
Ukαij (m),A
kℓmn
αj ,A
kℓmn
iα ,A
αℓmn
ij ,A
kαmn
ij ,A
kℓmn
αj ,
Akℓmniα ,A
αℓmn
ij ,A
kαmn
ij
}
. (60)
The statement Sα → 0 means that each element in the
set Sα is set to zero.
Remark that within the EikAmp program it is not, how-
ever, an easy task to set Sα → 0 since one would have
to write the cumbersome output in terms of the various
antenna functions (see for instance Eqs. (39) and (56))
before setting any of them to zero. Whether this is doable
will be investigated in our forthcoming EikAmp paper. It
should be noted meanwhile that it is not sufficient to sim-
ply set the dipole antenna wkij → 0 if either gluon i or
j is virtual in order to find the corresponding amplitude
squared.
Performing the substitution S3 → 0 one finds:
WRRVR1234 = W˜RRVR1234 +W
RRVR
1234 , (61)
where for the reducible contribution:
W˜RRVR1234 = −
4∏
i=1
WRi −
4∑
ij,(k 6=3),ℓ=1
[
WRi WRj W
RR
kℓ Θ
i<j+
+WRi W
RRR
jkℓ −WR2 W
RVR
134 −WR1 W
RVR
234 +
+WRRij W
RR
kℓ Θ
i<k
]
, (62)
where we note that WRVR134 and W
RVR
234 already have a rel-
ative minus sign (see Eq. (45b)). The irreducible contri-
bution is:
WRRVR1234 = W˜
RRVR
1234 +W
RRVR
1234 , (63)
with:[
1
24
]
W˜
RRVR
1234 = −
CFC
3
A
8
[
A12abA¯13abA¯14ab + A1234ab +
+
4∑
jℓ=3
A1jabB¯12ℓab
]
, (64a)
WRRVR1234 = −W
RRRR
1234 . (64b)
All other amplitudes squared may be obtained in a simi-
lar fashion. One simply replaces α in (60) by the appro-
priate virtual-gluon number. For more than one virtual
gluon, the elements of all sets Sβ corresponding to all
virtual gluons kβ , with β = 1, 2, . . . , must be set to zero
simultaneously.
Moreover, one may also observe the following alter-
native reduced expressions relating virtual amplitudes
squared at four loops to the amplitude squared at two
and three loops:
WRVx3R1234 =
WRV12
WR1
WRx3R134 , (65a)
WVx2x3R1234 =WV1 Wx2x3R234 . (65b)
In the next subsection we present and discuss the ex-
pression of the five-loops eikonal amplitude squared.
D. Five loops
At five-loops order there is a total of 25 squared am-
plitudes to be determined, half of which are deduced by
symmetry. Out of these only the all-gluons-real squared
amplitude needs to be actually calculated. The other
squared amplitudes which involve at least one virtual
gluon can be deduced fairly easily, as mentioned in the
last subsection IVC1. This is possible if the squared am-
plitude has a compact analytical form analogous to that
at previous orders, which it partially does.
The all-gluons-real five-loops amplitude squared may
be cast in the usual compact form:
WRRRRR12345 = W˜RRRRR12345 +W
RRRRR
12345 , (66)
where the reducible contribution is given by:
W˜RRRRR12345 =
1
s5
5∑
ijkℓm=1
[WRi WRRRRjkℓm +WRRij WRRRkℓm]
=
5∏
i=1
WRi +
5∑
ijkℓm=1
[
WRi WRj WRk W
RR
ℓmΘ
i<j<k+
+WRi WRj W
RRR
kℓmΘ
i<j +WRi W
RRRR
jkℓm+
+WRi W
RR
jk W
RR
ℓmΘ
j<ℓ +WRRij W
RRR
kℓm
]
. (67)
Note that this reducible contribution contains finite-
Nc terms coming from the four-loops irreducible part
WRRRRjkℓm . The irreducible contribution W
RRRRR
12345 reads:
WRRRRR12345 = W˜
RRRRR
12345 +W
RRRRR
12345 , (68)
where the term W˜
RRRRR
12345 , which resembles previous or-
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ders, is given by:
W˜
RRRRR
12345 = 2CFC
4
A
[
D12345ab +A12ab
5∏
i=3
A¯1iab+
+
5∑
jkℓm=2
(
A1jab A¯1kab B¯1ℓmab Θj<k +A1jab C¯1kℓmab +
+B1jkab B¯1ℓmab Θj<ℓ +A1jab A¯1kℓmab Θk<ℓ<m
)
+
+
5∑
kℓm=3
A˜
12kℓm
ab Θ
ℓ<m + A12345ab +B
12345
ab
]
+
+ 4CFC
3
A
(
CF − CA
2
) 5∑
jkℓm=2
A¯1jabA1kℓmab Θk<ℓ<m ,
(69)
with A¯ikℓmab = A
ikℓm
ab /w
i
ab, and the pseudo-antennae A˜, A
and B are generalizations of the previous-order pseudo-
antenna (52) (just as B is a generalization of the two-
loops antenna A). They read:
A˜
ijkℓm
ab = w
i
ab
(
Ajkai B¯jℓmai +Ajkib B¯jℓmib −AjkabB¯jℓmab
)
, (70a)
A
ijkℓm
ab = w
i
ab
(
Ajkai A¯jℓaiA¯jmai +Ajkib A¯jℓib A¯jmib −
−AjkabA¯jℓabA¯jmab
)
, (70b)
B
ijkℓm
ab = w
i
ab
(
A
jkℓm
ai + A
jkℓm
ib − Ajkℓmab
)
. (70c)
The totally-irreducible term which represents the new
genuine finite-Nc contribution at five loops reads:
WRRRRR12345 = 4CFC3A
(
CF − CA
2
)
NRRRRR12345 , (71)
where NX12345 is a function containing the angular part of
the finite-Nc contribution for configuration X .
There are 8 out of the 16 squared amplitudes men-
tioned above that do actually contain mirror/Bose-
symmetry breaking terms. These correspond to con-
figurations in which both gluons k1 and k2 are real
WRRx3x4R12345 , as well as WRVRRR12345 , WRVRVR12345 , WVRRRR12345 and
WVRRVR12345 . While the four squared amplitudes WRRx3x4R12345
contain “new” totally-irreducible finite-Nc contributions
NRRx3x4R12345 , the other four amplitudes squared contain
finite-Nc terms related to the four-loops function NRRxℓRjkℓm
in their reducible and/or irreducible parts (see Eqs. (67)
and (69)), which itself breaks mirror and Bose symme-
try. The remaining 8 squared amplitudes not mentioned
above are perfectly symmetric under the interchange of
any pair of emitters and are Bose symmetric.
Due to the mirror-symmetry breaking shared by the
squared amplitudes WRRx3x4R12345 it has not been possible to
write their totally-irreducible parts NRRx3x4R12345 in a com-
pact analytical form as was the case at four loops. We
provide the full expressions of these functions in the ac-
companying Mathematica notebook “N.nb”. All other
squared amplitudes have a vanishing totally-irreducible
contribution NX12345.
In fact for all configurations in which either gluon k1
or k2 is virtual we have the following compact form of
the squared amplitudes:
WRVx3x4R12345 =
WRV12
WR1
WRx3x4R1345 , (72a)
WVx2x3x4R12345 =WV1 Wx2x3x4R2345 . (72b)
We note that, as stated before, the calculation of the
virtual-emission squared amplitudes involves attaching
each virtual gluon one time in the bra-side of the squared
amplitude and another in the ket-side (see Eqs. (35) and
(36)). Due to symmetry reasons, and for the case of a sin-
gle virtual gluon such as WRRRVR12345 , it is sufficient to only
consider the attachment of the virtual gluon in one side
and multiply by a factor of 2. Furthermore, and for the
emission of two or more virtual gluons, it turns out that
for squared amplitudes not involving totally-irreducible
finite-Nc contributions, it is also sufficient to consider the
attachment of the virtual gluons just in one side and mul-
tiply by a factor of 2 for each virtual gluon. This is true
for configurations like WRVVR1234 at four loops and WRVRVR12345
at five loops since they are free of (new) finite-Nc con-
tributions, i.e., free of the terms NX1234 at four loops and
NX12345 at five loops.
However, for the squared amplitude WRRVVR12345 one must
explicitly include the attachment of virtual gluons in each
side. By symmetry it is still sufficient to consider the
attachment of one of the virtual gluons in one side but the
other virtual gluon must be attached in both sides. The
difference between attaching the second virtual gluon in
one side and another results in a finite-Nc contribution
which affects the function NRRVVR12345 . This is ultimately
related to the breaking of the mirror symmetry which
occurs for diagrams with gluons k1 and k2 real.
We discuss the Bose and mirror symmetries of the five-
loops amplitude squared and the source of their breakings
in the coming two subsections.
1. Bose symmetry
Analogous to the previous order, Eq. (58), the five-
loops amplitude squared (66) can be split into large- and
finite-Nc contributions:
WRRRRR12345 =WRRRRR, lNc12345 +WRRRRR, fNc12345 , (73)
where:
WRRRRR, fNc12345 =W
RRRRR
12345 +
5∑
ijkℓm=1
WRi W
RRRR
jkℓm+
+ 4CF C
3
A
(
CF − CA
2
) 5∑
jkℓm=2
A¯1jabA1kℓmab Θk<ℓ<m .
(74)
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Unlike the finite-Nc contribution, we have the full com-
pact analytical form of the large-Nc contribution as con-
firmed via comparison with the output of the EikAmp
program. The latter contribution is totally Bose sym-
metric under permutations of the gluons. The reducible
term (67) is totally Bose symmetric after subtracting off
the four-loops finite-Nc contribution, i.e., after the re-
placement WRRRRjkℓm → W˜
RRRR
jkℓm in Eq. (67).
2. Mirror-symmetry breaking
As previously stated the mirror-symmetry-breaking
contributions only exist for configurations in which at
least two out of the gluons {k1, k2, k3} are real regardless
of the rest of the gluons. All other squared amplitudes
are free of such terms. Moreover, the squared amplitudes
for all configurations are symmetric under the permuta-
tion of the legs of the dipoles emitting the hardest and
softest gluons. That is, if the amplitude squared for a
given configuration X is given by:
WX12345 ∝ Cai2i3i4i5bj2j3j4j5 w1abw2i2j2w3i3j3w4i4j4w5i5j5 , (75)
where Ca...i5b...j5 is the corresponding color factor for the spe-
cific Feynman diagram considered, then permuting the
legs (a ↔ b) and/or (i5 ↔ j5) would result in an iden-
tical expression, or more specifically an identical color
factor, to that in (75), i.e.:
Eq. (75) = Cbi2i3i4i5aj2j3j4j5 w1baw2i2j2w3i3j3w4i4j4w5i5j5
= Cai2i3i4j5bj2j3j4i5 w1abw2i2j2w3i3j3w4i4j4w5j5i5
= Cbi2i3i4j5aj2j3j4i5 w1baw2i2j2w3i3j3w4i4j4w5j5i5 . (76)
The difference between, say, the antennae w1ab and w
1
ba
is that for w1ab gluon k1 is attached to leg a in the ket
amplitude and to leg b in the bra amplitude, whereas
for w1ba the attachment is reversed. The permutation of
the legs of dipoles emitting gluons other than the softest
and hardest does not however result in an identical color
factor, and this is what we refer to as “mirror-symmetry
breaking”. Up to three loops these permutations of the
emitting legs had no effect on the form of the eikonal
amplitudes squared. This is, however, no longer the case
at four and five loops (and perhaps at higher loops too).
In order to illustrate the origin of the said non-mirror-
symmetric contributions diagrammatically let us con-
sider, for instance, the Feynman diagrams depicted in
Fig. 9, contributing to the all-gluons-real amplitude
squared WRRRRR12345 . Excluding permutations of the emit-
ters of k1 and k5, under which the color factor is symmet-
ric as stated above, there are 8 possible permutations of
the emitters of the remaining gluons k2, k3 and k4. These
are represented in diagrams (d1) – (d8) of Fig. 9. Their
corresponding contributions to the amplitude squared are
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FIG. 9. An example of Feynman diagrams, for the amplitude
squared, which are not symmetric under the interchange of
one or more pairs of emitters of gluons k2, k3 and k4.
given by:
(d1) :−3CFC
3
A
8
(
CF − CA
2
)
w1abw
2
1bw
3
1bw
4
1bw
5
12 , (77a)
(d2) : −CFC
3
A
4
(
CF − CA
2
)
w1abw
2
b1w
3
1bw
4
1bw
5
12 , (77b)
(d3) : +
CFC
3
A
4
(
CF − CA
2
)
w1abw
2
1bw
3
b1w
4
1bw
5
12 , (77c)
(d4) : +
CFC
3
A
4
(
CF − CA
2
)
w1abw
2
1bw
3
1bw
4
b1w
5
12 . (77d)
The other diagrams (d5), (d6), (d7) and (d8), corre-
spond to color factors that are identical to those of (d3),
(d4), (d2) and (d1), respectively. The lack of this (mir-
ror) symmetry makes it quite difficult to find a compact
analytical form for the totally-irreducible contributions
NX12345 to the five-loops amplitude squared.
We finally note that adding up the four functions
NX12345 one finds:
NRRRRR12345 +NRRRVR12345 +NRRVRR12345 +NRRVVR12345 = 0 . (78)
This equality has been deduced from the output of the
EikAmp program.
3. Exponentiation
First, it is intriguing to notice that the three-, four- and
five-loops eikonal amplitudes squared, both reducible and
16
irreducible contributions, are written in terms of the two-
loops antenna Akℓij , including the pseudo-antenna func-
tion Aijkℓab (55) as is clear from the relations between the
t/u-channel functions and the two-loops antenna given
in Eq. (56). Therefore the two-loops amplitude squared,
and the antenna Akℓij in particular, may be considered
as a web [11] since it represents a two-eikonal irreducible
diagram.10
Secondly, Eqs. (41), (42), (43), (45), (49), (51), (67)
and (69) seem to suggest a pattern of exponentiation for
the eikonal amplitude squared (in agreement with the
findings of Refs. [13–16]).
V. CONCLUSIONS
In the present paper we have considered the computa-
tion of QCD scattering amplitudes squared in the special
eikonal approximation. In the said approximation, ra-
diated gluons are assumed to be soft. If the gluons are
additionally assumed to be ordered in energy then the
calculations are significantly simplified and it has thus
been possible to go beyond two loops at finite Nc for the
first time in literature, for the simple process e+e− → qq¯
accompanied with the emission of soft gluons.
First, we have shown how the eikonal approximation
follows from standard QCD calculations based on Feyn-
man rules when radiated gluons have energies that are
much less than the hard scale of the process. The said
Feynman rules are then replaced by the more simplified
eikonal rules. The latter rules have made calculations
at higher orders in perturbation theory very accessible.
Moreover, assuming on-mass-shell limit we have demon-
strated through explicit calculations that virtual correc-
tions in the eikonal limit reduce to simply be minus their
corresponding real-emission contribution (for the softest
gluon). This led to even more simplifications in the re-
quired calculations at a given order.
Secondly, starting with the amplitude for the emission
of themth gluon by an ensemble of (m+1) partons and it-
erating down to the Born level, we have derived a general
analytical form of the amplitude squared for the emission
of any number of soft, energy-ordered gluons in e+e−
annihilation. With the aid of the ColorMath package,
the latter analytical form has been implemented into a
Mathematica program that is capable of computing the
eikonal amplitude squared for the full set of Feynman
diagrams at any given order. Furthermore, we have il-
lustrated how one may easily find the eikonal amplitude
squared in the large-Nc limit with no further work, sim-
ply by setting CF → CA/2 in the program.
For practical purposes we have presented the full
eikonal squared amplitudes for the emission of up to
five gluons in the final state in the process e+e− → qq¯,
10 The two eikonal lines are the quark and anti-quark lines.
at finite Nc. Whilst the three-loops squared amplitude
displayed no major form-wise departure from the well-
known two-loops squared amplitude, the four- and five-
loops squared amplitudes did. New antenna functions
and genuine finite-Nc corrections first appear at four
loops. Unlike previous orders, at the fourth and fifth or-
der the amplitude squared is manifestly non-symmetric
under Bose permutations (of the emitted gluons). It is
additionally non-symmetric under mirror permutations
(the interchange of one or more pairs of emitters of glu-
ons) other than for the hardest and softest gluons. This
symmetry breaking has tremendously complicated the
task of writing the amplitude squared at five loops in
a compact form, as has been performed at previous or-
ders. We expect the level of complexity to rise up as one
moves to higher orders.
Nonetheless three points are noteworthy regarding
eikonal amplitudes squared:
• At a given loop order all one has to calculate is
the all-gluons-real squared amplitude. All other
squared amplitudes, for all possible virtual configu-
rations of gluons, can straightforwardly be deduced
from the latter.
• Higher-order squared amplitudes can be shown to
be built in terms of the two-loops antenna function.
The latter may be considered as a web.
• The trend of the amplitudes squared, at least up to
five loops, seems to suggest a pattern of exponen-
tiation.
Lastly, it is worthwhile to recall that the eikonal ap-
proximation only guarantees the resummation of up to
single logarithms for a given observable. To go one more
logarithm down it is sufficient to consider the next-to-
eikonal approximation, a task which seems to naturally
follow our present work and which we shall treat in our
coming publications.
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Appendix A: Eikonal Feynman rules
The effective eikonal Feynman rules (in the Feynman
gauge) are depicted in Fig. 10. In the latter figure we
only display the quark and gluon eikonal lines. The corre-
sponding rules for the anti-quark eikonal line are identical
to those for the quark line except that one multiplies the
vertices by (−1).
The sign convention adopted herein for the eikonal ver-
tex is as follows [34, 35]: in Eq. (17) the color operator
Tai for the emission of gluon a off a harder parton i is
replaced by:
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FIG. 10. Eikonal Feynman rules for QCD. The “double” lines
represent the radiating quark and gluon eikonal lines.
• +ta = +taij , the generator in the fundamental rep-
resentation, if i is an outgoing (incoming) quark
(anti-quark).
• −ta = −taij if i is an incoming (outgoing) quark
(anti-quark).
• +(−) ıfa = +(−)ıfabc, the generator in the adjoint
representation, if i is an outgoing (incoming) gluon.
Note that in Fig. 10 the minus sign in the denominator
of the eikonal propagator (for incoming partons) has been
absorbed into the corresponding vertex.
Moreover, it is worth noting that Fig. 10 includes only
diagrams for the emission of a soft gluon, i.e., the di-
rection of the gluon’s four-momentum is away from the
vertex. For the absorption of a soft gluon, i.e., the direc-
tion of the gluon’s four-momentum is towards the vertex,
one multiplies the corresponding vertices by (−1). This
minus sign then cancels against the minus sign from the
propagator of the parton absorbing the gluon, since the
latter’s momentum is (p− k) (see Fig. 10).
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